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The Symmetric Groupoid

0 1 2 3 . . .

Definition

Let S denote the category with finite sets n = {1, . . . , n} as
objects, and bijections for morphisms.
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The Symmetric Groupoid

FinSet is cocartesian monoidal, and restricting this structure to S
is still symmetric monoidal, just not cocartesian

I n + m is exactly what you think

I σ + τ looks like

+ =
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Network Models

Definition

A Network Model is a lax symmetric monoidal functor
F : S→ Cat. Let NetMod denote the category with network
models for objects, and monoidal natural transformations for
morphisms.
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Simple Graphs

A simple graph with vertex set n = {1, . . . , n} is a collection of
subsets of n, each of which have 2 elements.

For example, this
graph on 4

21

4 3

is the set {{1, 2}, {2, 4}, {3, 4}} in this setting.
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Graph Monoids

Defining graphs this way allows us to take unions of graphs

⋃
=

21

4 3

21

4 3

21

4 3

so the set of simple graphs on n, denoted SG(n), is a monoid with
operation ∪.
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Sn acts on the monoid SG(n) by permuting the vertices.

So we
have a functor for each n ∈ N

SGn : Sn → Mon

Putting them all together gives a functor

SG : S→ Mon
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Given two graphs, g in SG(n) and h in SG(m), the disjoint union
g t h is a graph in SG(n + m).

This gives a map

t : SG(n)× SG(m)→ SG(n + m)

which makes SG a symmetric lax monoidal functor

(SG,t) : (S,+)→ (Mon,×)
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Other Examples of Network Models

I Multigraphs

I Directed Graphs

I Partitions

I Graphs with colored vertices

I Petri Nets

I Graphs with edges weighted by a monoid
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Combinatorics Captured by the Definition

1. en ∪ g = g = g ∪ en

2. g1 ∪ (g2 ∪ g3)

3. σ(g1 ∪ g2) = σg1 ∪ σg2
4. σen = en

5. (σ1σ2)g = σ1(σ2g)

6. 1(g) = g

7. (g1 ∪ g2) t (h1 ∪ h2) =
(g1 t h1) ∪ (g2 t h2)

8. em t en = em+n

9. σg t τh = (σ + τ)(g t h)

10. g1t(g2tg3) = (g1tg2)tg3
11. e0 t g = g t e0

12. Bm,n(h t g) = g t h
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Ordinary Network Models

SG(n) is the monoid whose underlying set is 2(n2) and whose

monoid operation is union. More succinctly, SG(n) = B(n2), where
B is the boolean monoid.

But now it’s obvious how we can tweek this example to get a
whole bunch more!

Theorem

Given a monoid M, there is a network model ΓM with

ΓM(n) = M(n2), and the actions of the symmetric groups given by
“permuting the vertices”. Moreover, this gives a functor
Γ: Mon→ NetMod.
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Examples of ΓM

I If M is the natural numbers under addition, we obtain the
network model for undirected multigraphs.

I Let M = Bm be the monoid with elements {0, . . . ,m}, and
the operation defined by j + k = min{j + k,m}. Then ΓM is
the network model for graphs with no more than m edges.
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Range-Limited Networks

A range-limited network in a metric space (X , d) is a simple
graph G with vertex set n and a function f : n→ X .
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Range-Limited Networks

Let Lk(n) denote the set of k-limited networks with vertex set n.

This forms an algebra of the simple graphs network model.
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Networks of Bounded Degree

The degree of a vertex in an undirected graph is the number of
edges containing that vertex.

The degree of a graph is the
highest degree of any of its vertices.
Let Bk(n) be the set of graphs with degree ≤ k.
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Eckmann-Hilton for Network Models

Let (F ,t) be a network model, a ∈ F (n) and b ∈ F (m). Then

(a t em) ∪ (en t b) = (a ∪ en) t (em ∪ b)

= (en ∪ a) t (b ∪ em)

= (en t b) ∪ (a t em)

So there are relative commutativity relations that must hold in
each monoid of a network model.
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Graph products of monoids

M1 M2

M3M4

G ({Mi}) =
∐

Mi/R
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Kneser Graphs

The Kneser graph KGn,m has vertex set
(n
m

)
, the set of m-element

subsets of an n-element set, and an edge between two vertices if
they are disjoint subsets.

The graphs KGn,2 are perfect for describing the
disjointness-commutativity that network models demand!
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Free Network Models

Theorem

The functor NetMod→ Mon defined by F 7→ F (2) has a left
adjoint Γ−,Mon : Mon→ NetMod, with ΓM,Mon(n) = KGn,2(M).

This network model is able to remember the order in which edges
were added to a network

Joe Moeller

Noncommutative Network Models



Network Models

Free Network Models

Theorem

The functor NetMod→ Mon defined by F 7→ F (2) has a left
adjoint Γ−,Mon : Mon→ NetMod, with ΓM,Mon(n) = KGn,2(M).

This network model is able to remember the order in which edges
were added to a network

Joe Moeller

Noncommutative Network Models



Network Models

Further reading and acknowledgments

This work was supported by the DARPA Complex Adaptive System
Composition and Design Environment (CASCADE) project.

We thank John Baez, John Foley, Christina Vasilakopoulou, Daniel
Cicala, Jade Master, and Christian Williams for many helpful
discussions.

Joe Moeller

Noncommutative Network Models



Network Models

J. Moeller, Noncommutative Network Models, Preprint,
Available as arXiv:1804.07402.

J. C. Baez, J. D. Foley, J. Moeller and B. S. Pollard, Network
Models, Preprint, Available as arXiv:1711.00037.

J. Moeller and C. Vasilakopoulou, Monoidal Grothendieck
Construction, Preprint, Available as arXiv:1809.00727.

Elisabeth Green, Graph Products of Groups, Ph.D. Thesis,
University of Leeds, 1990.

Joe Moeller

Noncommutative Network Models

https://arxiv.org/abs/1804.07402
https://arxiv.org/abs/1711.00037
https://arxiv.org/abs/1809.00727

	Network Models

