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Network Models

The Symmetric Groupoid
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Definition

Let S denote the category with finite sets n = {1,...,n} as
objects, and bijections for morphisms.
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Network Models

The Symmetric Groupoid

FinSet is cocartesian monoidal, and restricting this structure to S
is still symmetric monoidal, just not cocartesian

> n+ mis exactly what you think

» o + 7 looks like
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Network Models

Definition

A Network Model is a lax symmetric monoidal functor
F:S — Cat. Let NetMod denote the category with network
models for objects, and monoidal natural transformations for
morphisms.
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Network Models

Simple Graphs

A simple graph with vertex set n = {1,...,n} is a collection of
subsets of n, each of which have 2 elements.
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Network Models

Simple Graphs

A simple graph with vertex set n = {1,...,n} is a collection of
subsets of n, each of which have 2 elements. For example, this
graph on 4

—®
is the set {{1,2},{2,4},{3,4}} in this setting.
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Network Models

Graph Monoids

Defining graphs this way allows us to take unions of graphs
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Graph Monoids

Defining graphs this way allows us to take unions of graphs
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so the set of simple graphs on n, denoted SG(n), is a monoid with
operation U.

Joe Moeller

Noncommutative Network Models



Network Models

Sy acts on the monoid SG(n) by permuting the vertices.
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Network Models

Sy acts on the monoid SG(n) by permuting the vertices. So we
have a functor for each n € N

SGp: S, — Mon
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Network Models

Sy acts on the monoid SG(n) by permuting the vertices. So we
have a functor for each n € N

SGp: S, — Mon
Putting them all together gives a functor

SG: S — Mon
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Network Models

Given two graphs, g in SG(n) and h in SG(m), the disjoint union
g U his a graph in SG(n+ m).
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Network Models

Given two graphs, g in SG(n) and h in SG(m), the disjoint union
g U his a graph in SG(n+ m). This gives a map

L: SG(n) x SG(m) — SG(n+ m)

Joe Moeller
Noncommutative Network Models



Network Models

Given two graphs, g in SG(n) and h in SG(m), the disjoint union
g U his a graph in SG(n+ m). This gives a map

U: SG(n) x SG(m) — SG(n+ m)
which makes SG a symmetric lax monoidal functor

(SG,U): (S,+) — (Mon, x)
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Other Examples of Network Models

v

Multigraphs
Directed Graphs

v

Partitions

v

v

Graphs with colored vertices
Petri Nets

v
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Other Examples of Network Models

v

Multigraphs
Directed Graphs

v

v

Partitions

v

Graphs with colored vertices
Petri Nets
Graphs with edges weighted by a monoid

v

v
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Network Models

Combinatorics Captured by the Definition

l.epUg=g=gUe

2. ;1U (g2 U gs)

3. o(grUg) =0g1Uog
4. e, = e,

5. (0102)g = 01(028)

6. 1(g) =g
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Combinatorics Captured by the Definition

enUg=g=gUe, 7. (gaUg)U(hUh) =
glU(gz Ug3) (g1|—|h1)U(g2Uh2)
8. emUen, = emtn
9. ogUth=(c+7)(gUh)
10. g1Li(g2Ug3) = (g1Ug2)UUgs
(0102)g = 01(028)

11. ggUg =gl e

lg)=¢g 12. Bpa(hUg)=gUh

o(grUg)=0g1Uog

oe, = ey

SR A
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Network Models

Ordinary Network Models

SG(n) is the monoid whose underlying set is 2(2) and whose

monoid operation is union. More succinctly, SG(n) = B(g), where
B is the boolean monoid.
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Ordinary Network Models

SG(n) is the monoid whose underlying set is 2(2) and whose
monoid operation is union. More succinctly, SG(n) = B(g), where

B is the boolean monoid.
But now it's obvious how we can tweek this example to get a

whole bunch more!
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Ordinary Network Models

SG(n) is the monoid whose underlying set is 2(2) and whose

monoid operation is union. More succinctly, SG(n) = B(g), where
B is the boolean monoid.

But now it's obvious how we can tweek this example to get a
whole bunch more!

Theorem

Given a monoid M, there is a network model I p; with
Mv(n) = M(z), and the actions of the symmetric groups given by

“permuting the vertices”. Moreover, this gives a functor
: Mon — NetMod.
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Network Models

Examples of [y

» If M is the natural numbers under addition, we obtain the
network model for undirected multigraphs.
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Network Models

Examples of [y

> If M is the natural numbers under addition, we obtain the
network model for undirected multigraphs.

» Let M = B, be the monoid with elements {0, ..., m}, and
the operation defined by j + k = min{j + k, m}. Then 'y is
the network model for graphs with no more than m edges.

Joe Moeller
Noncommutative Network Models



Network Models

Range-Limited Networks

A range-limited network in a metric space (X, d) is a simple
graph G with vertex set n and a function f: n — X.

Joe Moeller
Noncommutative Network Models



Network Models

Range-Limited Networks

Let Lk(n) denote the set of k-limited networks with vertex set n.
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Range-Limited Networks

Let Lk(n) denote the set of k-limited networks with vertex set n.
This forms an algebra of the simple graphs network model.
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Network Models

Networks of Bounded Degree

The degree of a vertex in an undirected graph is the number of
edges containing that vertex.
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Network Models

Networks of Bounded Degree

The degree of a vertex in an undirected graph is the number of
edges containing that vertex. The degree of a graph is the
highest degree of any of its vertices.
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Network Models

Networks of Bounded Degree

The degree of a vertex in an undirected graph is the number of
edges containing that vertex. The degree of a graph is the
highest degree of any of its vertices.

Let Bk(n) be the set of graphs with degree < k.
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Network Models

Eckmann-Hilton for Network Models

Let (F,U) be a network model, a € F(n) and b € F(m). Then

(allem)U(enUb) =(aUe,) U (emUb)
=(epUa)l(bUep)
=(epUb)U(alem)
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Eckmann-Hilton for Network Models

Let (F,U) be a network model, a € F(n) and b € F(m). Then

(allem)U(enUb) =(aUe,) U (emUb)
=(epUa)l(bUep)
=(epUb)U(alem)

So there are relative commutativity relations that must hold in
each monoid of a network model.
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Network Models

Graph products of monoids
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Graph products of monoids

G({Mi}) =1IMi/R
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Network Models

Kneser Graphs

The Kneser graph KG, m has vertex set (), the set of m-element
subsets of an n-element set, and an edge between two vertices if
they are disjoint subsets.
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Kneser Graphs

The Kneser graph KG, m has vertex set (), the set of m-element
subsets of an n-element set, and an edge between two vertices if
they are disjoint subsets.

The graphs KGp, > are perfect for describing the

disjointness-commutativity that network models demand!
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Network Models

Free Network Models

Theorem

The functor NetMod — Mon defined by F — F(2) has a left
adjoint T_ pmon: Mon — NetMod, with Iy mon(n) = KGn2(M).
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Free Network Models

Theorem

The functor NetMod — Mon defined by F — F(2) has a left
adjoint T_ pmon: Mon — NetMod, with Iy mon(n) = KGn2(M).

This network model is able to remember the order in which edges
were added to a network
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